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Abstract
With a pair of antennas spaced apart, an airborne passive location system measures phase differences of emitting signals. Regarded
as cyclic ambiguities, the moduli of the measurements traditionally are resolved by adding more antenna elements. This paper models
the cyclic ambiguity as a component of the system state, of which the observability is analyzed and compared to that of the bear-
ings-only passive location system. It is shown that the necessary and sufficient observability condition for the bearings-only passive
location system is only the necessary observability condition for the passive location system with phase difference measurements, and 
that when the system state is observable, the cyclic ambiguities can be estimated by accumulating the phase difference measurements,
thereby making the observer able to locate the emitter with high-precision. 
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1 Introduction1
The airborne passive location and tracking 
system, which intercepts the electromagnetic waves 
emitted by targets, has played a major role in avi-
onic reconnaissance and anti-radiation unmanned 
aerial vehicle (UAV) homing guidance. The accu-
racy of the emitter’s location is determined by the 
measurement precision and the geometrical con-
straints of the observer relative to the emitter. The 
conventional widely-used passive location tech-
nique with bearings-only measurements is difficult 
to meet the requirements of today’s applications in 
that it is deficient in accuracy and speed. With an 
angular accuracy of nearly 1°-2° at present, the 
avionic device is found to be hard to enhance the 
angular accuracy further due to the limitation of the 
antenna aperture. To find a solution to this problem, 
the long baseline interferometer(LBI) passive loca-
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tion technology incorporated with phase difference 
measurements becomes a main objective to the re-
searchers and designers[1-3].
Generally, the phase difference measurements 
of LBI are remainders mod 2ʌ. They may have mo- 
duli which are regarded as cyclic ambiguities. Tra-
ditionally, by adding more antenna elements, the 
cyclic ambiguities are resolved[4-5]. In this paper, an 
airborne passive location system with two antenna 
elements LBI is analyzed. It is presented that, by 
accumulating the phase difference measurements in 
a short period, the cyclic ambiguities can be esti-
mated. Therefore, the observer with two antenna 
elements LBI is capable of locating the emitter with 
high-precision.
2 Mathematical Model 
For the sake of simplicity, discussions are lim-
ited only to the analysis of two-dimensional target 
motion assuming that the emitter typically has a 
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constant speed vector. Suppose that the position of 
the emitter is T T( ,  )x y  with the velocity T T( ,  )x y  ,
the position of the observer ob ob( ,  )x y  with veloc-
ity ob ob( ,  )x y  , then the position of the emitter rela-
tive to the observer T obx x x  , T oby y y   with 
the velocity T obx x x    , T oby y y    .
By defining the target state vector as  x
> @Tx y x y  , the state equation of the relative 
motion takes the following form 
ob( ) ( ) ( )t t t x Ax u           (1) 
where
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
ª º
« »
« » 
« »
« »
¬ ¼
A , ob ( )tu  is the maneuver 
of the observer. 
Fig.1 shows a two antenna elements LBI 
mounted on an airborne observer. Let I be the phase 
difference measured from the intercepted emitter’s 
signals, then 
> @  2ʌ( ) cos ( ) ( )   mod 2ʌdt t tI E D
O
      (2) 
where Ȝ is the wavelength of the emitting signal, 
arctan( / )y xE   the bearing of the emitter in the 
observer reference, ob obarctan( / )y xD     the azi-
muth of the airplane, d the length of the interfer-
ometer.G
Fig.1  Phase difference from two antenna elements LBI 
mounted on an airborne observer. 
The values of ( )tI  are remainders mod 2ʌ.
Let the modulus of (0)I  be 0K , and ( )tI  be 
unwrapped among consecutive measurements, thenG
> @ 0
2ʌ( ) cos ( ) ( ) 2ʌdt t t KI E D
O
        (3) 
where 0K  is unknown and can be estimated when 
the target’s state is observable. Define a new state 
vector as > @ > @T Ta 0 0K x y x y K x x   ,
then from Eq.(1), is obtained 
ob
a a
( )
( ) ( )
0 0
t
t tª º ª º « » « »
¬ ¼ ¬ ¼
A u
x x
0
0
       (4) 
where a0
ª º
 « »
¬ ¼
A
A
0
0
.
Eq.(4) is the state equation and Eq.(3) the ob-
servation equation of the single observer passive 
location system associated with phase difference 
measurements. 
3 Observability Conditions 
In the bearings-only tracking problem, the 
nonlinear measurement equation could be rewritten 
into a linear form, which is referred to as a pseudo- 
linear observation equation, then the linear system 
theory could be used to analyze the system’s ob-
servability[6]. Nevertheless, the observation equation 
Eq.(3) could not be linearized through algebraic 
approach, so the following theorem should be re-
sorted to analyze the observability[7].
Observability theorem  The system Eq.(5) is 
observable on 0 f[ , ]t t  if and only if   non-zero 
vector ȟ , 0 f[ , ]t t t  , so that 0( ) ( , ) 0t t t zH ĭ ȟ .G
 
( ) ( ) ( )
( ) ( )
t t t
t t
  ½°
¾ °¿
x Ax u
z h x

          (5) 
where  T( ) ( )( ) t tt  x xH h , 0( )0( , ) e t tt t  Aĭ .
For simplicity, assuming 0 0t  , then accord-
ing to Eq.(3) and Eq.(4), can be obtained 
a
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0 1 0 0
( ,0) e 0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
t
t
t
t
ª º
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Aĭ       (6) 
> @1 2 5( ) 0 0t h h h H         (7) 
where
> @
1
sin ( ) ( ) sin ( )2ʌ
( )
t t tdh
r t
E D E
O
 
 
> @
2
sin ( ) ( ) cos ( )2ʌ
( )
t t tdh
r t
E D E
O
 
 
2 2
5 2ʌ, ( ) ( ) ( )h r t x t y t  
Denoting > @T1 2 3 4 5[ [ [ [ [ȟ  fˈrom Eq. 
(3) and Eq.(4), it can be obtained 
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> @
0 1 3 1 2 4 2 5 5
5 1 3
2 4
( ) ( , ) ( ) ( )
sin ( ) ( )2ʌ2ʌ [( )sin ( )
( )
( )cos ( )]
t t t t h t h h
t td t t
r t
t t
[ [ [ [ [
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According to the observability theorem, it is 
concluded that the nonlinear system Eq.(3) and Eq. 
(4) are observable if and only if f,  [0, ]t t z  ȟ 0
so that 
> @
1 3
2 4 5
sin ( ) ( )2ʌ [( )sin ( )
( )
( )cos ( )] 2ʌ 0
t td t t
r t
t t
E D
[ [ E
O
[ [ E [

 
  z    (8) 
By substituting ob obarctan( / )y xD    , and E  
arctan( / )y x into Eq.(8), is obtained 
2 4 1 3 ob
1
3 2 2 2
ob ob ob
[( ) ( ) ( ) ( )][ ( ) ( )
( ) ( )] ( )[ ( ) ( )]
t x t t y t y t x t
x t y t k r t x t y t
[ [ [ [   
z  

     (9) 
where T0 T ob T0 T ob( ) ( ), ( ) ( ),x t x x t x t y t y y t y t      
5 /k dO[ , T0 T0( , )x y  is the position of the emitter 
at 0t  , T0 T0( , )x y  the velocity of the emitter.  
Conclusion 1  A constant speed target can be 
observed by the passive system with phase-differ- 
ence measurements if and only if  zȟ 0 , t 
f[0, ]t , Eq.(9) is satisfied. 
In the specific case of 5 0[  , according to Eq. 
(8), is obtained 
1 3 2 4( )sin ( ) ( )cos ( ) 0t t t t[ [ E [ [ E   z   (10) 
Here, Eq.(10) is the necessary and sufficient 
condition for the system to have observability with 
bearings-only measurements[8]. From Eq.(10), can 
be obtained[8-9]
1 3
2 4
( )
( ) ( )
( )
tx t
t t
y t t
[ [
D
[ [
ª ºª º
z « »« » ¬ ¼ ¬ ¼
r        (11) 
where ( )tD  is an arbitrary scalar function.G
Conclusion 2  The necessary and sufficient 
observability condition of the bearings-only system 
is only the necessary observability condition of the 
passive location system with phase difference mea- 
surements. 
4 Numerical Analysis of Observability 
The inequality Eq.(9) is the necessary and suf-
ficient condition to have observability, so its corre-
sponding equality Eq.(12) is the condition that ren-
ders the system state ax  unobservable. 
2 4 1 3 ob
1
3 2 2 2
ob ob ob
[( ) ( ) ( ) ( )][ ( ) ( )
( ) ( )] ( )[ ( ) ( )]
t x t t y t y t x t
x t y t kr t x t y t
[ [ [ [   
 

     (12) 
For a fixed target with zero velocity, the system 
state can be reduced to T0[ ]x y K , so the unob-
servable condition becomes 
2 1 ob ob
1
3 2 2 2
ob ob
[ ( ) ( )][ ( ) ( ) ( ) ( )]
( )[ ( ) ( )]
x t y t y t x t x t y t
kr t x t y t
[ [   

 
    (13) 
As time-varying nonlinear differential equa-
tions, Eq.(12) and Eq.(13) are difficult to find ana-
lytic solution, which renders it necessary to look to 
the numerical method for an answer. 
The parameters in the equations include T0,x
T0 T T 1 2 3 4 5, , , , , , ,y x y [ [ [ [ [  . Under a given condition, 
arbitrary values may be taken for 1 2 3 4 5, , , ,[ [ [ [ [ , so 
the result must be a cluster of observer’s trajectories 
that makes the system state unobservable. 
4.1 Unobservable observer’s trajectories for a 
fixed target 
Assuming that a fixed target is in position 
(100, 100) km , i.e. T0 T0( , ) (100, 100) kmx y   ,
T T( , ) 0x y    , the observer starts moving from posi-
tion (0, 0). According to Eq.(13), the unobservable 
observer’s trajectories are shown in Fig.2. Fig.2(a) 
shows the trajectories that the observer moves to-
ward the target while Fig.2(b) back from the target. 
The trajectories are symmetrical about the line con-
necting the observer’s starting position and the tar-
get. Fig.2 shows a half of the trajectories. 
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Fig.2  Observer’s unobservable trajectories for a fixed 
target. 
It is known that for the bearings-only system, 
the observer’s unobservable trajectory for a fixed 
target is a straight line connecting the observer and 
the target. Fig.2 illustrates that the phase difference 
system has countless unobservable trajectories 
which spread around this line. This example vali-
dates the Conclusion 2. 
4.2  Unobservable observer’s trajetories for a
constant speed target 
Assuming T T0 m/s, 150 m/sx y    and the other 
parameters the same as in Section 4.1, according to 
Eq.(12), the observer’s unobservable trajectories are 
shown in Fig.3, in which (a) shows the trajectories 
that the observer moves toward the target while (b) 
back from the target. 
From Fig.3, it is easily seen that the system 
state is unobservable in countless unobservable tra- 
Fig.3  Observer’s unobservable trajectories for a con-
stant speed target. 
jectories when the observer moves either toward the 
target or back from the target. Obviously, this is the 
case in the bearings-only system too. Theoretically, 
this is because the passive location system with 
phase difference measurements becomes similar to 
the bearings-only system when the cyclic ambigui-
ties have been estimated. 
4.3 CRLBs of different observer’s trajectories 
In order to demonstrate the relationship be-
tween the observability and observer’s trajectories 
for the passive location system with phase differ-
ence measurements, are calculated Cramér-Rao 
lower bounds (CRLBs) of different observer’s tra-
jectories.
In most practical applications, measurements 
are made in discrete times. Denote the estimate of 
state ( )tx  at discrete time k as ˆ ( | )k kx  and the 
covariance of ˆ ( | )k kx  as ( | )k kP , then ( | )k kP
is calculated as follows 
1 1 T 1
1 T 1 1 1
1
1
0
1
1 1 1
( | ) ( | ) ( ) ( )
( | ) ( ) ( | )
  Lack of prior information
(0 | 0)
Known prior information
k k k k k k
k k k k
  
   


½    
°
°      °
¾
­ °°
 ® °
°¯ °¿
P P Ǿ R H
P F P F
P
P
0
 (14) 
where ( ) ( ) |t kTk t   H H , T is a discrete time inter-
val, R a measurement error covariance matrix, 
( ,0)T F ĭ . When ( | )k kP  is calculated using the 
actual state of the target[10], ( | )k kP  is the CRLB 
of ˆ( | )k kx .
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Let observer’s trajectory take four following 
forms: a circle with radius, r, of 20 km, a circle with 
radius of 30 km, a unobservable trajectory which 
satisfies Eq.(12), a two-leg straight line. The ob-
server starts moving from (0, 0) at a speed of 180 
m/s in all four moving forms. The target moves in a 
straight line with T0 T0( , ) (100, 100) kmx y    and 
T T( , ) (0,100) m/sx y    . The observer’s trajectories 
and the target’s trajectory are plotted in Fig.4(a). 
Define 11 22CRLB1 ( | ) ( | )P k k P k k  , where 
11( | )P k k  is the element at row 1, column 2 of 
( | )k kP . This is the CRLB of position estimate. 
Assume 2 1 1(10ʌ/180) u R I , T=1 s, Ȝ=0.1 m, d =3 m. 
Fig.4(b) shows the CRLB1 of the four observer’s 
trajectories.
The CRLB1s of the two circle trajectories drop 
with time clearly in Fig.4(b). This is ascribed to the 
fact that the circle observer’s trajectory is observ-
able for a constant speed target, and that the smaller 
its radius is, the smaller its CRLB will be. The 
CRLB of the two-leg trajectory drops fast after 
turning. This observer’s trajectory is also observable 
for a constant speed target. The fact that the CRLB 
of the unobservable trajectory doesn’t drop with 
time clearly validates the conclusion in Section 3. 
Define 55CRLB2 ( | )P k k . It is the CRLB of 
the estimate of 0K . Fig.4(c) shows CRLB2 of four 
observer’s trajectories. It is easily seen that, 
CRLB2 1  when the system is observable, i.e. 
cyclic ambiguities in system with phase difference 
measurements can be estimated exactly according to 
system model Eq.(3) and Eq.(4). 
Fig.4  Four observer’s trajectories and the CRLBs. 
5 Summary 
The observability of the single observer passive 
location system with phase difference measurements 
is analyzed. It is presented that the necessary and 
sufficient observability condition for the bear-
ings-only system is only the necessary observability 
condition for the passive location system with phase 
difference measurements. 
In order to demonstrate the relationship be-
tween system’s observability and observer’s trajec-
tories and validate the conclusions, examples of 
unobservable observer’s trajectories are given; 
CRLBs of different trajectories are figured out by 
simulation. 
Finally, we conclude that, using the long 
base-line interferometer to measure phase differ-
ences of signals enables the single passive observer 
to locate the emitter effectively. 
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